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SUMMARY
The article describes a construction of a Boolean (Zhegalkin) polynomial with respect to a given Boolean function, and
vice versa. It also presents a simple way of writing symmetric Boolean functions that allow easy construction of minimal

disjunctive normal forms.
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1. INTRODUCTION

Binary logical structural models are usually
written as friendly normal disjunctive formulae of
output Boolean functions. It often is to advantage to
apply Boolean (Zhegalkin) polynomials, whose
writing with respect to the given Boolean functions
is not always simple.

Among Boolean functions a significant role is
played (a significant position is held) by completely
symmetric (further only:symetric) functions or their
special cases — special threshold or majority
functions, whose specific features, if they act as
output functions, ensure simple modelling of
combination circuits.

2. A NORMAL DISJUNCTIVE FORMULA
AND BOOLEAN POLYNOMIALS

Be given a total Boolean function f (x, x5, ...,
Xn), m of arguments

S0

It can be easily shown (through generalising its
Shannon development) that each Boolean function f
(1, X2, ..., X, 1is represented by a complete normal
(canonical) disjunctive formula (cndf)

f 5 x)= V1 (6.0

(01,02 -,0m)

—){O,l}:(xl,x2,...,xm> -y (1)

o,) XXX (2)

where Vv is a disjunction operator and
x° =x0 vXao ,resp.
x for o=0
x7 = (3)
x for o=1

The given Boolean function can, however, be
expressed [1,2] by a complete normal formula
according to modulo 2

SO X2 e, X)) =

f (61,0'2,... )xlalxgz...xf;m 4

where @ is a operator of modulo 2 sum, because the
conjunction of arbitrary, mutually different
minterms x1 x5 2. 92...x%m is always equal to 0. It can

be also expressed by a Boolean (Zhegalkin)
polynomial [2,3]

SO x5 e, X)) =

= (‘B r(O'm,O'm_l,...,O'I)xflxgz...xﬁm 5)
(Om Ot

where x° =xv &, resp.

o 1 for c=0
x” = (6)
x for o=1

Let us now get concerned with writing a Boolean
polynomial to a given Boolean function, or with
transforming cndf to the Zhegalkin polynomial, and
vice versa . Note that if M = [m;] and M = [my] are
Boolean matrices having the respective dimensions
m x n an x o, by their Cartesian product M x M =
[ck] a matrix of m X o is meant such that
Cik = ? my; m . .

On the one hand let us consider first the Shannon
development (cndf) of the function f(x), i.e.,

f(x)=f(0))_cvf(l)x; since x=1@x,
called Reed and Muller expansion of the function

f(x),1i.e.,
) =7 0)x@1)® 1 (1)x =/0) ® (R0) ® A1) (7)

and on the other hand the Zhegalkin polynomial of
the function f'(x), i.e.,

S (x)=r©)@r)x. ®
Hence in a matrix form it is [3] :

r()]_[1 0] [£(0)
ol ol v
Through analogy we obtain for f (x|, x,) on the one
hand:

the so
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f,xy)= 1 (00)@(r (00)@ 1 (10) x @

® (0,000 f(O,l))x2 S

® (£ (0,0)® f(0.)® 1 (1,0)® f (1,1))x; x, (10)
on the other hand :
f(xy, %)= r(O)(-B r (1)x1 @ r(2)x2 @ r(3)x1 Xy .

In another form, [3] :

0] [1 0 0 0] [£(00) 7(0.0)
r@ (1100 f(l,O) 5 o] |r(o) .
F@711 0 1 o|| s _[ T}( 7)) (1
@) 1111 1] | ) 7L

where ® and T, are the respective submatrices. In
generel, [2,3], forn > 1

T, ©
T, = (12)
T T

n—

holds, when T, = [1]. On the contrary, for f (x|, x,)
==r(0)®r (1)x1 @r (2)x2 ® r(3)x, x, we obtain

1(0,0)=r(0), 7(0,1)=r

and f(1,1)=r(0)@r)®r(2)®r(3),ic

70,0)] [1 0 0 0] [#(0)

F@o)| {11 0 ol |r)

o7t o 1 ofYr) (3)
£ 111 | rB)

In other word, for on inverse 7}, !transformation

matrix the relationship 7, n_1 =7, [2,3] is generally

valid. The order of the matrix T, appears to be 2.

The reader may already see that the
transformation of cndf to the Zhegalkin polynomial
and vice versa is no easy procedure for n > 3.

3. BOOLEAN POLYNOMIAL

For each number p = 0,1,....2" -1, where p is a
decadic equivalent of a binary number

m
Pm Pm-1 - P1 ( sz_lpkj , write M (p) for the set of
k=1

all numbers 7 (m < p) in whose binary notation
N -

T T - 7T =k22 7w | 1s occur only in
=1

places in which they occur in the number p, i.e.,

M(p)={z, 7, -7 1, =1=p,=1)  (19)
where = is an implication operator; for instance.
M(0) = {0}, M(1)={0,1}, M(3)={0,1,2,3}. Now it
is clear that the set M(p) = M(Pm Pm-1 .- P1) CONsists
of all O—cubes covered by a cube of the least
dimension necessarily containing O-cubes with

)@ r2), £1,0)=r(0)® (1)

coordinates 0 on the one hand and p on the other
hand pertaining to the m—dimensional cube , which
is the carrier of carries cube complex of the given
function f (x|, x, , ..., xn). For instance the sets
M3), M4), M(5), M(6) i M(7) can be easily
represented by cubes on a 3-dimensional - map, such
as the Karnaugh map (Fig. 1) so that M(3) =
{0,1,2,3,} , M(4) = {0,4}, M(5) = {0,1,4,5}, M(6) =
{0,2,4,6} and M(7) = {0,1, ..., 7}. Geometrical
representation of Boolean functions is discussed,
e.g., in [4]. The dimension of the m-dimensional
Karnaugh map equals to 2* x 2' ( k+/ = m), whereas
the dimension of the transformation matrix 7, is 22m

Now let us present that a Boolean polynomial
representing a given total Boolean function can be
expressed by the sets M(p).

Each Boolean total function f(x;, x;, ...,
be expressed [5] by the Zegalkin polynomial

SO X2, ey X)) =

= @® 7 (Pos Pt oo 1) X152l (15)
{Pm>Pm—15-P1)

X,,) can

where

r(p) = f PPy upw)  (16)

PoPocr--PE M(P)

Indeed, through mathematical induction for m = 1
we obtain

f (x)= r(O)@ r(l)x =

and for f(x,x2, ...,

ra(r©er)x a7

Xm » Xm+1) We obtain

f(xla X2 5 eees Xm xm+1) :f(xl, X2 5 eees Xm s 0) @

@ (f(xls X2 5 ey Xm s 0) G-)f(xl, X2 5 ey Xm s 1) Xm+1 (18)
Since both equations are valid:

JeLx, ey Xm, 0) =

_ @

P2 Pm OO
I
0, P> D=1+ P1)

r(oapmapm—la 5p1)x )C2

= ('B r(pm,pm_l,...,pl) xl’olez...x,ﬁ’"
(PmsPm—15-P1)
(19)
where

rp) = @

0 P, Pys-PE M(p)

- O () (20)

(P o 0) =

and
f(xl,xZ 5 eees Xm 5 1) =

L om>Pm—15--P1)
xIxg2 =

- @

L Pns Pm—1++P1)
X2 x 1)

r(la pmapm—ly---apl)'

r (19 Pms Pm—1> "'9p1)'
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a) by
X X
i *2
74 [ 0 2 3 | ] % m 2 3 1
‘ 4 f 7 5 w ] 7 5
c) 4
eS| xl
X 3 x2
% ﬁ 2 | 3 ﬂ o0 ] 2] 3|1
‘ E ] ) ﬂ 4 & ki 3
g} x
3
%5 (U 2 1 W
L-’-l ] ] J
Fig. 1 Karnaugh maps of the sets: a) M(3), b) M(4), c) M(5), d) M(6), e) M(7)
where ' and hence:
am\ | y=r0)@er)x®r2)x®rB)xx;®r4)x;®
d (p+ ) D fprpr e ) @7 (5) x1x3 D 7 (6) x2x3 D 1 (7) X203 =

1 pmpm_l...pleM(p+2’”)
(22)
it can be also said that

SO X2 oo X s X)) = @F(p)xf’l X2 X @
P

@r(p)xflez...x;ﬁm

@7 - (23)
@® r(p+2m)x{31x§2...xf,,””
p+2"

which is the Reed-Muller exppansion of the function
.f(xl, X2 5 eees Xm me)'

Example 1.: Write the Boolean function y =
11000111 by applying the Zegalkin polynomial.
Therefore we will write the given function into the
Karnaugh map:

Al

3

=19(1@ @ (1S 0n® (100D 1® 0)xnd
DUDN)C(1D1O0D 1) xx; @
OU®0B0® N ® (110D
@0@1@1@1))61)62)63:1@X2@X3@X1X3@X1X2X3A

which could also be written directly. u

Example 2.: A function is to be found to the
Zegalkin polynomial y = 1® x; @ xix; @ xpxx;3
expressed by the given Zhegalkin polynomial itself.
Since r (0)=r(1)=r3)=r(7)=1aswellas r(2)
=r@)=r(5)=r(6)=0, it can be

written

r(0) =1 = £(0,0,0)=1,
r(1) =1 = £(0,0,0)®£(1,0,0)=1 =

S 1@7(1,00)=1= £(1,0,0,)=0

r(2) =0 = £(0,0,0) ® £(0,1,0)=0 =
=101 (0,1,00=0= £ (0,1,0)=1

r(3) =1 = £(0,0,0)® £(1,0,0) ® £(0,1,0) ®
Of(1,1,00=1 = 000®1®/f(1,1,0)=

=1= f(1,1,0)=1,

and so on ... This can be easier and more
conveniently seen from the Karnaugh map, into
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which we successively write 0 or 1, attempting to
satisfy the required values » (ps, p2, P1) :

A1

P U e O O

Hence y=10111010

4. SYMETRIC FUNCTIONS

A Boolean function y =f(xi, X, ..., Xm) is called
(totally) symmetric if it does not change its value y
in an arbitrary permutation of its arguments x;, x,,
vy Xm [2,6,7]. A Boolean function can also be
called partly symmetric if there exists at least one
subset containing at least two arguments. For this
subset the function is completely symmetric. In
other words, a function fis symmetric - f (x, xp, ...,

Xm) :ng (X1 X2y evey Xin) = Sgl - if there exists a set
P(P= {pi }f;l) of operating, (non-negative integer)
numbers p; ( p; € {j};'-’zo) pro k= 0,1,....,m such that

the function f assumes unary value on all ordered
Boolean m-tuple values of its arguments containing
m

1

pi of 1s; evidently SZ =0 and Si0.1,..m) =

The symetric function having at its disposal a
single operating number is an elementary function.

Since Sp v Sy =Spug » any symmetric function

5. ENTRY OF SYMETRIC FUNCTIONS

By Hamming’s distance dy; (@ ay...a,,,b by...b,) of

ordered Boolean m-tuples (alaz..%blbz..bme{(l]}m) we
m

mean the distance . (a;®b;), and by Hamming’s
=

weight wy (a; a; ...a,) we mean the distance dy (a;

m m
a .4y, ,00...0) = Z(aj@ 0) = Zaj.
J=l J=l

Writing each elementary symmetric function

S {'; ) into the m-dimensional Karnaugh map without

i
using a complete normal disjunctive formula which
represents the particular function is relatively easy
because there is a correspondence between all unary

values of the function S{’:Z7 .}and the vertices (0-

cubes) of the particular cube complex containing

( mJ 0-cubes of Hamming’s weight p; .
pPi

Example 3.: Write into a Karnaugh map the

function S{53}- Fig. 2, or S{53}assumes a unary value

m . 5
S{O,l,.“,m} can be expressed by using the in ( J— 10 vertices of the particular cube complex
disjunction of elementary symmetric functions 2
Sm. e whose distance is 3, or 5 — 3 = 2, from the vertex
tpi> 000 00, or 111 11, respectively. |
k
m _ m
{P1op2seoPk} ,\:/1 S{Pi} (24)
&
T
3
b
i L 1
: t
x 1 1 1
. A t1a
| ¥ I |
1 . (o1 —»1
1r_+ ] +1 1 1

Fig. 2 Karnaugh map of the function {5 3) from Example 3
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Note, that a complete normal disjunctive
formula (cndf) is the same as a minimal normal
disjunctive formula (mndf) of the given elementary
symetric function. Since each symmetric function
can be expressed by the disjunction of the
corresponding elementary symmetric functions, it is
advantageous to use a Karnaugh map for writing
the given symmetric function. In this way, we can
easily arrive at the mndf of the given function,
which is a markedly simple procedure than that
from [1].

Example 4.: Construct mndf symmetric functions
=S VS VS VS

it may be easy the function S{At)l 3,4} written in

4
S 0.134]" Because 5?(1)’1,3’ 4

Karnaugh map (Fig. 3) and written the minimal
function mndf:

4 — - — — - — - — — - - —
S{0,1’3’4} =X1X2X3 VX1 XpX4 V X1X3Xq VXoX3Xy4 V

VX1X2X3 V X1XpX4 V XpX3X4 V X1X3Xy4

|
Xy —————
3
Xy 1 1 1
1 1
41
1 1 1
1 1
Fig. 3 Karnaugh map of function S {‘B 13.4) from
Example 4
The Boolean function
m
f (xl,xz,...,xm)=sign(2wjxj—T], (24)
j=1

in which the weights w; and the threshold 7" are real
numbers is called a threshold function. If in the

threshold function w; =w; =w (i # j), we obtain

the function
m

f (xl,xz,...,xm)=sign lej—T/w . (25)
=

For some operating numbers p the following
relationship holds p - 1< T/w < p;thenis f(xy, x,

e eeay xm) = S{n;y,p+1,...,m}

voting function [7]. Note [1] that only one (a

, which is an elementary

single) mndf function S {m

p,p+1,...,m
[ J
P

VK
j=1
length p with asserted variables. If, in addition, m is
an odd number and m>23 and p= (m+1)/
2, then f(x,xy, ..., Xxn) 1S a majority function.

}has the form of

j » where K; is an elementary conjunct of

Example 5.: Construct mndf of the function
4

sign(ij —2]=S{4234}. According to Fig. 4 we
= 3,

obtain

4
S{2’3’4’} = X1 X2 VX1 X3V X1X4 V X2X3 V XpXy4 V X3Xy

4
since ( J=6. |
2
X4 —
3
R
x2 1
B[R] 2™
X | i
1| 1| 1
1 1 1
N

4

Fig. 4 Karnaugh map of the function 23,4} from
Example5
&3
iy
3

=

Xy 1 |

pE P

| |

%) | 1 1 ! 1
I

E_:I_l‘l

vl ()

Fig. 5 Karnaugh map of the majority function from
Example 6

Example 6.: Construct mndf of the majority
function Maj (xl,xz,x3,x4,x5). Enter, therefore,

the given function onto a Karnaugh map (Fig. 5),

5

34,5} W€

and because Maj (x;,x5,X3,%4, X5 ) =S

obtain
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Maj (xl,xz,x3,x4,x5) =
X1X2X3 V X1X2X4 V X1X2X5 V X1X3X4 V X1 X3X5 V

V XoX3X4 V XpX3X5 V XpX4X5 V X3X4X5

5
since (3J =10 |

For easier visualisation not all cubes of the cube
complexes from Examples 5 and 6 are entered onto
the maps in Figs 4 and 5.

6. CONCLUSIONS

The procedures of writing a given Boolean
function by using the Zeghalkin polynomial and
constructing the function represented by the
polynomial can be regarded as sufficiently simple
and convenient. This also applies to the design of
mndf symmetrical Boolean functions, including
the special cases of threshold and majority
functions.

For finding Zeghalkin polynomials to the given
Boolean functions and vice versa, as well as for
finding the mndf symmetrical Boolean functions of
m arguments m > 7, the Karnaugh map is not
convenient, but Quine and Mc Cluskey method can
be recommended.
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