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ABSTRACT
The problem of efficient computation of all second maximum path weights for a given square matrix A of dimension n
in max-plus algebra is solved by computing so-called double power sequence of a specific extension A of A. An algorithm
using this method is presented, by which the second maximum cycle mean value A>(A) can be computed in O(n*) time.
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1. INTRODUCTION

Matrix computations using binary operations of max-
imum and plus, in analogy to operation plus and times
known in classical linear algebra, are often involved in op-
timization problems, see [2H5/11,/17]. Max-plus matri-
ces are important in the study of discrete events systems
(DES), see [3,/4,|L1]. The steady states of DES correspond
to eigenvectors of max-plus matrices, and the periodical
behavior of DES is reflected by so-called linear periodic-
ity of the power sequence of the transient max-plus matrix,
see [6,/7L{141[15]. The eigenvalues of max-plus matrices are
closely connected with the maximum (or dually: minimum)
cycle mean, see [[10}|12]. It has been shown in [13,|16] that
the linear pre-period of a max-plus matrix can be arbitrary
long, regardless of the matrix dimension. For the estima-
tion of the linear pre-period length of a given matrix, the
values of the maximum cycle mean and the second maxi-
mum cycle mean in the associated digraph are important,
see [8L9].

Closely related question of efficient computation of all
second maximum path weights for a given square matrix
A of dimension n in max-plus algebra is considered in this
paper. The main tool for solving the problem are so-called
double matrices and their multiplication. An algorithm for
computing the second maximum cycle mean value A;(A)
in O(n*) time is described in the last section. Similar prob-
lems using different approach were considered in [[1}/5]].

2. NOTIONS AND NOTATION

By max-plus algebra we understand the set R* of all real
numbers with added element € = —eo, together with binary
operation of maximum denoted as €, and the operation of
addition denoted as ® (clearly, the element —oo is absorbing
in respect to the operation ®). We remark that the results
in this paper remain valid in more general situation, when
R* is substituted by arbitrary linearly ordered commutative
and divisible group G* in additive notation, with the least
element absorbing in respect to the group operation. Then
@ and ® are the operation of maximum and the group op-
eration on G*, respectively.

For a fixed natural number n we denote N =
{1,2,...,n}. The set of all n x n matrices (n-dimensional
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vectors) over R* is denoted by R*(n,n) (R*(n)). Matrix
operations over R* are performed with respect to opera-
tions 6, ® formally in the same way as matrix operations
over any field. Thus for A, B € R*(m,n) we define the sum
A®B=C e R*(m,n), with ¢;; = a;; ® b;j, for all i € M and
J € N. Further for A € R*(m,r) and B € R*(r,n) we de-
fine the product A® B = C € R*(m,n) with Z®aik ® by,
k

forall i € M and j € N. A digraph 4 = 4(A) is asso-
ciated to every matrix A € R*(n,n), with the vertex set
V(%) = N and with the edge set E(¥) = {(i, j);aij # €}.
The edges in ¢¥(A) are evaluated by the weight function
w defined by the formula w(i,j) = a;;, and the weight
w(p) of a path p = (po,p1,...,ps) of length |p| =r in
%(A) is defined as the sum of all weights w(p;_1, p;) for
i=1,2,...,r. The weight mean w(p) is computed by the
formula w(p) = w(p)/r, for paths of positive length.

It has been proved in [4]] that the maximum weight of all
paths connecting node i with node j of a given length r for
a matrix A in max-plus algebra can be found by computing
the r formal power A(") of the matrix A as illustrated in the
following example.

Example 2.1 Input matrix A € R*(n,n), withn =5,

e 1 € ¢ ¢
e € 2 € ¢
A= 3 € € 2 4
e € 0 ¢ ¢
e € 0 ¢ ¢

and the corresponding digraph 4 (A)
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For instance, if we are interested in finding the maxi-
mum weight of a path of length » = 3 from the node i =2
to the node j = 3, then the maximum weight is represented

by the element a<233> =6inAG),

6 ¢ € 5 17
e 6 6 ¢ ¢
A =17 ¢ 6 6 8
€ 4 4 ¢ ¢
e 4 4 ¢ ¢

It can be easily seen in this simple example that the cor-
responding path with the maximum weight is the path
(2,3,5,3) (marked in digraph ¢(A) below by printing the
arcs of the path and their weights in bold).

Similarly, we can easily see that the path of length » = 3
from the node i = 2 to the node j = 3 with the second max-
imum weight is the path (2,3,4,3). Now a natural ques-
tion arises: how can be the second maximum weight of all
paths of a given length connecting a given node with an-
other given node computed in general situation? The sec-
ond maximum cycle mean (as well as the maximum cycle
mean) is, namely, one of the tools to estimate the length of
the non-periodic parth (the so-called pre-period) of a linear
periodic matrix in max-plus algebra.

3. DOUBLE MATRIX

To answer the question put at the end of the previous
paragraph, we start with extending the operation of finding
the maximum element of a subset of R* to finding the two
largest values.

Definition 3.1 Let S C R* be a finite set. We define
max>S = (s1,s2) by setting s = maxS and sy = max(S\

{s1})-

Lemma 3.1 Let be S C R*, max®S = (s1,s2). Then the fol-
lowing statements hold true
(i) if S=0, orif S= {€}, then s; = sp = ¢,
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(ii) ifS={a}, a>¢ orifS={a, €}, a> ¢, thens, =aq,
2 =E,

(iii) if there are a,b € S,a > b > €, then s1 > sy > €.

Proof. All statements in the lemma follow directly from
Definition[3.T]and from the fact that maximum of the empty
subset in R* is € (i.e. the least element in R*).
O

Main tool for computing the second maximum cycle
mean value A,(A) of a given square matrix over max-plus
algebra is the notion of double matrix with a special op-
eration of double matrix multiplication introduced in this
section.

Definition 3.2 An ordered pair of matrices A = (IA,ZA) is
called a double matrix (of dimension n), if 'A,’A € R*(n,n)
and if 1a,-j > 2a,‘j, or la,-j = 2aij = &, holds true for any
i,j € N. 'A is the left-hand matrix of A and °A is the right-
hand matrix of A. The set of all double matrices of a fixed
dimension n is denoted as 9 (n,n). The double max-plus
product AQB=C = (IC, 2C) is defined for any two matri-
ces A= ('A,%A), B= ('B,’B) € Z(n,n) by putting

Sij (A,B) = {laik+lbkjalaik+2bkj7zaik+lbkj; keN}
G.1)

and

(lcij,zcij) = maszij (A,B) (32)
foranyi, j€eN.

The double max-plus multiplication of two double ma-
trices results in a double matrix, as illustrated in the next
example and proved in the following lemma.

Example 3.1 Let A, B€ 2(2,2).

- 1 2 = 3 2|11 —1

A[SO }’ B[ISO 8}'
Let us find the double product of the given matrices

A®B = C. Using formulas (3.1) and (3.2) from Defini-

tionthe elements of the resulting matrix C can be com-
puted.

0 ¢
e =2

Si1(A,B) ={ Yay 4+ "brr, larg 4 2brr, Zark + b
k=1,2} ={4,3,2,¢},
(1611,2611) :max2511 (A,B) = (4,3),

Si2 (A,B) ={ la 4+ "bro, \arg 4 2bra, %ark + i
k= 132} = {3727078}7
(1(312,26'12) :max2512 (A,B) = (3,2),

So1 (A, B) ={"an + by, 'ank + *br1, *axi + 'y
k= 1,2} = {1,0,—1,8},
(1021,26‘21) zmax2512 (A,E) = (1,0),
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S» (A,B) ={ Yok + "bra, \ank + *bra, Jask + o

k=12}={e},
(1622,2C22) :max2522 (A,B) = (8,8).
Thus
= 4 3|13 2
€= {1 e|0 ¢ ]

Lemma 3.2 The set 2(n,n) is closed under the double
max-plus multiplication & .

Proof. Let A,B € 9(n,n). We shall show that the product
C = A®B belongs to Z(n,n). It is necessary to show that
for any i, j € N, the condition 'c;; > %c;j, or le;j =%¢;j =€
holds true. The condition follows immediately from the
statements of Lemma if we put § = S;; (A,B), s; = lc,-j
and s, = %; -
(]

Double powers of a double matrix A € Z(n,n) are de-
fined by recursion

A A,
Art) — A0 @4,

forr=1,2,...

The equations (3.1) and (3.2) from Definition [3.2] turn
foranyi,j € N to

Sij (A(’>,A) = {lal(,? + lakj, lal(,:) +2akj,2a§,:) + lakj; ke N}
(3.3)

and

(1al(;+1)7zal(;+1)) _ maXZSjj (‘(r)vg) : (3.4)

forr=1,2,....

4. MATRIX EXTENSION

The matrix extension of a matrix A to a double matrix
A is introduced in this section. An interpretation of the se-
quence of double powers of the matrix extension A of a
given matrix A is described.

Any matrix A € R*(n,n) can be formally extended to a
double matrix A = ('4,A) € 2(n,n) by setting 'A = A and
A = E with all input values in E equal to €. Clearly, the
condition 'a;; > %a;;, or la;; = 2a;; = ¢, is fulfilled for any
i,jEN.

In the computation of the sequence of double powers
of a matrix extension we can use the fact that the right-
hand matrix of the matrix extension A consists of the values
2ak ; = €. Hence, for matrix extensions the computation can
be simplified, in comparison with the definition above, as
follows:

5 (A0,4) = {la) + ', %0 +'agskeN} @)
and

(1al(;+l)’zal(;+l)) _ maXZS,'j (A(r)7A) 7 42)
forr=1,2,....
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Example 4.1 Input matrix A € R*(n,n), withn =5,

e 1 € ¢ ¢
e € 2 € ¢
A=|3 € € 2 4
e € 0 ¢ ¢
e € 0 ¢ ¢

Let us find the power sequence of length 5 of the extension
A of the given matrix

e 1 € € €| € € ¢ ¢
€ € 2 € €|leg € € € ¢
A=|3 € € 2 4|le &€ ¢ ¢ ¢
e € 0 € €|le € € ¢ ¢
€ € 0 € e€|e € € ¢ ¢

The successive powers of A will be computed according to

@1) and @.2).
Forr=1

AP =AW BA=ARA,

Sif (_7A) = { laik+ lakj,zaik—i— lakj; k= ]727.”’5 } ,
(lagf)fag)) — maXZSij (A,A) ’
€ € 3 € €le € € ¢ ¢
5 € € 4 6| € € € ¢
3 € € 2 4 € ¢ ¢ ¢
3 € € 2 4|l € € € €
Forr=2
AB) = A0 4,
Sij (A(Z),A) = { la,(,f) +1akj,2a§]f) +lagjs k= 1’2’”.,5}’
(laf??aﬁ)) _ maszij (-(2)714) 7
6 € € 5 7| € ¢ ¢ ¢
€ 6 6 ¢ €|le € 4 € ¢
A(?’) = 7 € 6 6 815 € € 4 6
€ 4 4 ¢ gle € 2 ¢ ¢
€ 4 4 € €| € 2 € €
Forr=3

AW —AB) R4,
S;j (A<3>,A) -

(]ag;‘),za,(j)) = max>S;; (_(3>,A) ,

3 3
{ lagk) + lakjfagk) + 1akj; k=1,2,...

e 7 7 € €|€e € 5 € ¢
9 € 8 8 10|17 € € 6 8
AD=19 8 8 8 10|e 6 6 £ ¢
7 € 6 6 8|5 € € 4 6
7 € 6 6 8|5 € € 4 6
Forr=4

)

A — AD 34
= 4 4
Sij (A<4)7A) = { lal(k) + lakjazagk)

(lagj),zas)) = max’S;; (A(“),A) ,

+huﬁk::L2p.q5},
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10 e 9 9 1118 & & 7 9 ke K and laE;H) > 1af,f) +layj for all k € N\ K. Therefore,
11 10 10 10 12|e 8 8 ¢ ¢

A® =111 10 10 10 12(9 ¢ 8 8 10 5 (rt1) 5 () 1
9 8 8 8 10|e 6 6 ¢ ¢ i _max({“ik+“kf’kEK}U
9 8 8 8 10|e 6 6 & ¢ (r)

Next theorem describes the properties of the sequence
of double powers of the extension A of a matrix A.

Theorem 4.1 Let double matrix A € 9(n,n) be the exten-
sion of A € R*(n,n). Then the sequence of double pow-
ers AU = (IA(r),zA(r)) ,r=1,2,... satisfies the following
statements for any i, j € N

(i) laij = ai; is the maximum weight of all paths in

Y(A) fromito j, of length r,

(ii) if lag;) > € and 2a§]’.> > €, then 2al(;) is the second max-
imum weight of all paths in 9 (A) from i to j, of length
r,

(iii) if lal(y > & and 2a§;> = €, then there is no path in
Y (A) from i to j, with weight less than la,(jr-) = af;), of
length r,

(iv) if lag;) = ¢, then 2a§;> = € and there is no path in
Y(A) fromito j, of length r.

Proof. The proof proceeds on recursion with respect to
r. For r = 1 and for any i, j € N there is exactly one path of
length 1 from i to j in digraph ¢ (A), if a;; > €, and there
is no such path, if a;; = €. In the first case, the unique path
consists of the single arc (i, j) and its weight is a;;, which is
the maximum weight, while the second maximum weight
is € (maximum of the empty set). In the second case, when
there is no arc from i to j in 4(A), both the maximum and
the second maximum weight are equal to €. Notice that

%a;; = € by the definition of formal extension A, for all i, j.

Thus the assuption za(r‘)

3
forany i, jifr=1. !

Let us assume by recursion, that the statements (i), (ii),
(>iii) and (iv) are satisfied for some fixed value r. We shall
prove that the statements are fulfilled also when r is re-
placed by r+ 1.

(1) By the recursion assumption and by the definition of
formal extension A, the equalities lag,:) = aE,:), lak J = ag;
hold true for every k € N. Therefore,

> ¢ in statement (i) is not fulfilled,

1 (r+1)
aij

()

= max { lay )

+ lakj,zal(,: +lakj;k EN} =

:max{]aglf) + lakj;k EN} =

= max {al(,? +ayjs ke N} = af;ﬂ)

By the well-known properties of matrix powers in max-plus
algebra, aS;H) is the maximum weight of a path in ¥(A)
from i to j, of length r+ 1.

(ii) Let us suppose that 'ag;H) > €. In view of the com-

putation in the previous part of the proof, there is a non-

1
empty set K C N such that lagf ) lag,:) + lay; for every
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U {16151:) + lak/,za,-/: +lag ke N\K})
Using the definition of A, we have lay; = a; for all k € N,
hence we get

zafjr-H) = max( {Za,g) +ag ke K} U

U{la,(,?+akj,2a§,:)+akj;k€N\K}).

By recursion assumption (ii), we have 1a§,:) > 2a§,:) , Which
gives
5 (r+1)

a:

ij :max({zaf,:)+akj;kel(}u

u{1a§[>+akj;kezv\1<}). 43)

In view of the statement (i) proved above, the assumption
laE;H) > & implies aErH) > g, i.e. in ¥(A) there exists a
path from i to j, of length r+ 1, with the maximum weight
ag;ﬂ). Let us consider a path p with the second maxi-
mum weight from i to j, of length r+ 1 (if such a path
exists in 4(A)). The path p consists of two shorter paths:
a sub-path p’ from node i to some node k € N, of length
r, and an arc (k,j). Then w(p) = w(p') +ay;. Clearly,

'af,:) >w(p') > zal(,:). We shall consider two cases.

2 (1)

(@) If k € K, then 'a) > w(p') =2}’ and
w(p) = w(p) +ag; =aly) +ay;.
(b) If k € N\ K, then 'al}) = w(p') and

w(p) =w(p') +ax; = 1a,(,:) +ay;.

. . 2 (r+1) .
According to equation (4.3), we get “a;; "~ > w(p) in both
cases.

By assumption 2a"""

ij
zal(]r-H) = zaf,:) +aij > €, or there is k € N\ K such that

1 T
Zag.* ) _ 1a§,:) +ag; > €. This implies, in view of the re-

cursion assumption, that there exists a path p from i to j, of

length r+ 1 in 4 (A), with laf;H) >w(p) = 2a§;+1). Hence
p has the second maximum weight and the statement (ii)
holds true for r+ 1.

(iii) The proof goes similarly as above, only by assump-

Za(&l) = & we get that there is no path p from i to j, of

ij
length 7+ 1 in ¥ (A), with lafj’-“) > w(p).

(iv) The statement follows directly from Lemma[3.1]

> g, there is k € K such that

tion

0

Theorem [4.1] answers the question posed at the end of
Section 2: how to compute the second maximum weight
of all paths of a given length connecting a given node with
another given node in the digraph corresponding to a given
matrix? In the next example we will find the second max-
imum weight of all paths of length r = 3 connecting node
2 with node 3 in the digraph ¢(A) of the matrix A from
Example[2.1
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Example 4.2 Input matrix A € R*(n,n), withn =15,

e 1 € ¢ ¢
€ € 2 € ¢
A=1|3 € € 2 4
e ¢ 0 ¢ ¢
e € 0 ¢ ¢

According to Theorem [4.1) we shall use the third power
of the matrix extension of the given matrix. Since the con-
sidered matrix has been extended to a double matrix and
the mentioned power has already been computed in Exam-
ple we can immediately find the answer. The second
maximum weight of all paths of length r = 3 connecting
node 2 with node 3 is represented by the element Za(233) =4
in the right-hand matrix of AG).

6 € € 5 7|¢ € € ¢ ¢
€ 6 6 € €le € 4 € ¢
AB=17 € 6 6 8|5 € € 4 6
€ 4 4 € e€|le € 2 € ¢
€ 4 4 € e€|le € 2 € ¢

The corresponding path with the second maximum
weight is the path (2,3,4,3) (marked in digraph ¢(A) be-
low by printing the arcs of the path and their weights in
bold).

5. THE SECOND MAXIMUM CYCLE MEAN

The previous results will be used in this section for com-
puting the second maximum cycle mean value. In accor-
dance with the notation introduced in Section 2, the weight
w(c) of a cycle ¢ in digraph ¢ (A) is defined as the sum of
the weights of all arcs in c¢. If the length of ¢ is positive,
then the ratio w(c) := w(c)/|c| is called the cycle mean.
The maximum cycle mean in 4 (A) is denoted by

A(A) :=max {w(c);ccyclein 4 (A) }.

Since the cycle mean of a cycle can not exceed the cycle
mean of its elementary subcycles, and since the number of
elementary cycles is finite, A(A) always exists. If there is
no cycle of positive length, then A (A) = .

When considering cycles of arbitrary length, we can
create combinations of cycles with the maximum cycle
mean A (A) with cycles of lower cycle mean, and the cycle
mean value of such combinations can be made arbitrarily
close to A(A). Hence, strictly speaking, the second max-
imum cycle mean value does not exist for cycles of unre-
stricted length. For that reason we restrict our investigation
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to cycles in ¢ (A) with lengths not exceeding the dimension
of the given square matrix A (which includes all elementary
cycles).

The second maximum cycle mean in 4 (A) is denoted by

A2 (A) :=max {w(c);c cycle in Z(A), |c| < n,w(c)<A(A)}.

If there is no cycle of positive length with w(c) < A(A),
then A,(A) = €.

Theorem 5.1 There is an algorithm which for every A €
R*(n,n) computes the second maximum cycle mean value
22(A) in O(n*) time.

Proof. The algorithm consists of the following steps:

Step 1. For a given matrix A € R*(n,n) compute the
double matrix A = ('4,%A) € Z(n,n) by setting 'A = A and
A = E (all inputs in E are €).

Step 2. Compute the double powers A1) = A, A =
(%(r)7214(r)), forr=2,3,...n.

Step 3. For every r=1,2,...,n compute the maximum
and the second maximum mean value for cycles of length r
in 4(A) by formulas

(A7 @27 @) = ma {'a) /) friie N}

Step 4. Compute the maximum mean value for cycles of
any length and the second maximum mean value for cycles
of length at most 7 in ¥(A)

(A(A), A(A)) = maxz{ll(r)(A), AV (A); r = 1zn}

It is easy to verify that the computational complexity for
Step 1 is O(n?), for Step 2 the complexity is O(n*) and for
Steps 3, 4 again O(n?). Hence, the whole computation is
performed in O(n*) time. The correctness of the algorithm
follows from Lemma [3.1]and Theorem .11
O

Below, the algorithm is demonstrated on the input ma-
trix A used in the previous examples.

Example 5.1 Input matrix A € R*(n,n), withn =5,

e 1 € ¢ ¢
€ € 2 € ¢
A= 3 € ¢ 2 4
e € 0 ¢ ¢
e € 0 ¢ ¢

Let us compute the second maximum cycle mean value
of all cycles of length at most 5. In the first and the second
step of the algorithm the matrix extension A and the first five
consecutive powers of A should be computed. The results
of these computations can be found in Example [4.1] hence
we can pass directly to the third step of the algorithm and
compute the maximum and second maximum cycle mean
value for cycles of length r = 1,2,...5 using the formula

(470,237 @) =max? {1/ frii e N
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Thus
(ﬂ”(A),Aé”(M)Z max’{e}  =(g€),
(;Lf”(A),zf’(A)): max*{2,1}  =(2,1),
(M7 @) = mal(2) =),
(AW @) = ma{23} =(@3).
(WP w)= met(28) =)

Finally, we compute the maximum cycle mean value of cy-
cles of any length and the second maximum cycle mean
value of cycles of length at most 5 in ¥ (A) by formula

(A(A), A2(A)) = maxz{ll(r)(A),lz(r)(A); r=1.2,...,5 }
Thus

(A(A),A2(A)) = max? { €21,
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